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Last years, bounds on the maximal quantum violation of general Bell inequalities
were intensively discussed in the literature via different mathematical tools. In the
present paper, we analyze quantum violation of general Bell inequalities via the LqHV
(local quasi hidden variable) modelling framework, correctly reproducing the proba-
bilistic description of every quantum correlation scenario. The LqHV mathematical
framework allows us to derive for all d and N a new upper bound (2d− 1)N−1 on the
maximal violation by an N -qudit state of all general Bell inequalities, also, new up-
per bounds on the maximal violation by an N -qudit state of general Bell inequalities
for S settings per site. These new upper bounds essentially improve all the known
precise upper bounds on quantum violation of general multipartite Bell inequalities.
For some S, d and N, the new upper bounds are attainable.
1
I. INTRODUCTION
Quantum violation of Bell inequalities1 is now used in many quantum information tasks
and is also important for the analysis of nonlocal games strategies in computer science. The
most analytically studied2–5 cases of quantum violation of specific Bell inequalities refer to
the Clauser-Horne-Shimony-Holt (CHSH) inequality and the Mermin-Klyshko inequality. It
is also well known that the maximal quantum violation of correlation bipartite Bell inequal-
ities cannot6 exceed the real Grothendiek’s constant K
(R)
G ∈ [1.676, 1.783] independently of
a dimension of a bipartite quantum state and numbers of settings and outcomes per site.
But this is not already the case for quantum violation of bipartite Bell inequalities on joint
probabilities and last years bounds on the maximal quantum violation of Bell inequalities
were intensively discussed in the literature via different mathematical tools7–15.
To our knowledge, the maximal violation by an N -qudit quantum state of general16 Bell
inequalities for arbitrary numbers of measurement settings and outcomes at each site admits
the following upper bounds.
• N = 2 : (a) for an arbitrary two-qudit state – the precise17 upper bound (2d−1) in Eq.
(64) of Ref. 9 and the precise upper bound 2d in Proposition 5.2 of Ref. 14; (b) for
the two-qudit Greenberger-Horne-Zeilinger (GHZ) state – the upper bound Cd/
√
ln d,
found up to a universal constant in Theorem 0.3 of Ref. 11.
• N ≥ 3 : (c) for the N -qudit GHZ state – the precise upper bound (2N−1(d − 1) + 1)
in Eq. (58) of Ref. 9; (d) for an arbitrary N -qudit state – the precise upper bound
(2N−1dN−1 − 2N−1 + 1) in Eq. (62) of Ref. 9 and the precise upper bound (2d)N−1 in
comments after Proposition 5.2 in Ref. 14.
In the present paper, we analyze the maximal quantum violation of general Bell in-
equalities via the LqHV (local quasi hidden variable) modelling framework, introduced and
developed in Refs. 9, 18, 19. A general correlation scenario admits a LqHV model if and
only if it is nonsignaling20. Therefore, the probabilistic description of each quantum corre-
lation scenario admits9 the LqHV modelling. Moreover, the probabilistic description of all
projective N -partite joint quantum measurements on an N -qudit state can be reproduced21
via the single LqHV model specified in Ref. 13.
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The LqHV mathematical framework allows us to derive a new precise upper bound
(2d− 1)N−1 (1)
on the maximal violation by an arbitrary N -qudit state of general Bell inequalities for
arbitrary numbers of settings and outcomes per site. For N = 2, this new bound reduces to
our upper bound (64) in Ref. 9. For all N ≥ 3, the new bound (1) essentially improves all
the known precise upper bounds for general multipartite Bell inequalities, see in item (d)
above.
For the maximal quantum violation of general Bell inequalities for S settings per site,
the new upper bound (1) allows us also to improve due to
(2min{d, S} − 1)N−1 (2)
the precise upper bound (62) in Ref. 9 for generalizedN -partite joint quantum measurements
and due to
min {dN−12 , 3N−1}, for S = 2, (3)
min {dS(N−1)2 , (2min{d, S} − 1)N−1 }, for S ≥ 3,
the precise upper bound (19) in Ref. 13 for projective N -partite joint quantum measure-
ments. For some d, S and N, the upper bounds (2), (3) are attainable, see in Section
VI.
The main results of the present paper are formulated by theorem 1 and corollary 1 in
Section V.
II. PRELIMINARIES: GENERAL BELL INEQUALITIES
In this section, we shortly recall the notion of a general Bell inequality. The general
framework for multipartite Bell inequalities for an arbitrary number of measurement settings
and any spectral type of outcomes at each site was introduced in Ref. 22 where specific
examples of Bell inequalities are discussed in section 3.
Consider an N -partite correlation scenario23, where each n-th of N ≥ 2 parties performs
Sn ≥ 1 measurements with outcomes λn ∈ Λn of any nature and an arbitrary spectral
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type. We label each measurement at n-th site by a positive integer sn = 1, ..., Sn and each
N -partite joint measurement, induced by this correlation scenario and with outcomes
(λ1, . . . , λN) ∈ Λ = Λ1 × · · · × ΛN (4)
by an N -tuple (s1, ..., sN), where n-th component specifies a measurement at n-th site. For
concreteness, we denote by ES,Λ, S = S1 × · · · × SN , an S1 × · · · × SN -setting correlation
scenario with outcomes in Λ and by P
(ES,Λ)
(s1,...,sN)
– a joint probability distribution of outcomes
(λ1, . . . , λN) ∈ Λ for an N -partite joint measurement (s1, ..., sN) under a scenario ES,Λ.
An N -partite correlation scenario ES,Λ is referred to as nonsignaling if, for any two joint
measurements (s1, ..., sN) and (s
′
1, ..., s
′
N) with common settings sn1 , ..., snM at some 1 ≤ n1 <
... < nM ≤ N sites, the marginal probability distributions of distributions P (ES,Λ)(s1,...,sN) and
P
(ES,Λ)
(s′1,...,s
′
N
), describing measurements at sites 1 ≤ n1 < ... < nM ≤ N , coincide. For details,
see section 3 in Ref. 24.
For a correlation scenario ES,Λ, consider a linear combination
B(ES,Λ)ΦS,Λ =
∑
s1,...,sN
〈
f(s1,...,sN)(λ1, . . . , λN)
〉
ES,Λ
, (5)
ΦS,Λ = {f(s1,...,sN) : Λ→ R | sn = 1, ..., Sn, n = 1, ..., N},
of averages (expectations) of the most general form
〈
f(s1,...,sN)(λ1, . . . , λN)
〉
ES,Λ
(6)
=
∫
Λ
f(s1,...,sN)(λ1, . . . , λN)P
(ES,Λ)
(s1,...,sN)
(dλ1 × · · · × dλN ) ,
specified for each joint measurement (s1, ..., sN) by a bounded real-valued function f(s1,...,sN)(·)
of outcomes (λ1, . . . , λN ) ∈ Λ at all N sites.
Depending on a choice of a function f(s1,...,sN) for a joint measurement (s1, ..., sN), an
average (6) may refer either to the joint probability of events observed at M ≤ N sites or,
in case of real-valued outcomes, for example, to the expectation
〈λ(s1)1 · . . . · λ(snM )nM 〉ES,Λ =
∫
Λ
λ1 · . . . · λnMP (ES,Λ)(s1,...,sN) (dλ1 × · · · × dλN) (7)
of the product of outcomes observed at M ≤ N sites or may have a more complicated form.
In quantum information, the product expectation (7) is referred to as a correlation function.
For M = N, a correlation function is called full.
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The probabilistic description of an arbitrary correlation scenario ES,Λ admits25 a LHV
(local hidden variable) model if all its joint probability distributions
{
P
(ES,Λ)
(s1,...,sN)
, s1 = 1, ..., Sn, ..., sN = 1, ..., SN
}
(8)
admit the representation
P
(ES,Λ)
(s1,...,sN)
(dλ1 × · · · × dλN ) (9)
=
∫
Ω
P1,s1(dλ1|ω) · . . . · PN,sN (dλN |ω)νES,Λ(dω)
via a single probability distribution νES,Λ(dω) of some variables ω ∈ Ω and conditional
probability distributions Pn,sn(·|ω), referred to as ”local” in the sense that each Pn,sn(·|ω)
at n-th site depends only on the corresponding measurement sn = 1, ..., Sn at this site.
Let a correlation scenario ES,Λ admit an LHV model. Then a linear combination (5) of
its averages (6) satisfies the tight26 LHV constraint (see Theorem 1 in Ref. 22):
BinfΦS,Λ ≤ B
(ES,Λ)
ΦS,Λ
|
lhv
≤ BsupΦS,Λ (10)
with the LHV constants
BsupΦS,Λ = sup
λ
(sn)
n ∈Λn,∀sn,∀n
∑
s1,...,sN
f(s1,...,sN)(λ
(s1)
1 , . . . , λ
(sN )
N ), (11)
BinfΦS,Λ = inf
λ
(sn)
n ∈Λn,∀sn,∀n
∑
s1,...,sN
f(s1,...,sN)(λ
(s1)
1 , . . . , λ
(sN )
N ).
From (10), it follows that, in the LHV case,
∣∣∣ B(ES,Λ)ΦS,Λ |lhv∣∣∣ ≤ BlhvΦS,Λ = max{∣∣∣BsupΦS,Λ∣∣∣ , ∣∣∣BinfΦS,Λ∣∣∣} . (12)
Note that some of the LHV inequalities in (10) may be fulfilled for a wider (than LHV)
class of correlation scenarios. This is, for example, the case for the LHV constraints on joint
probabilities following explicitly from nonsignaling of probability distributions. Moreover,
some of the LHV inequalities in (10) may be simply trivial, i. e. fulfilled for all correlation
scenarios, not necessarily nonsignaling.
Each of the tight LHV inequalities in (10) that may be violated under a non-LHV scenario
is referred to as a Bell (or Bell-type) inequality.
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III. QUANTUM VIOLATION
Let, under a correlation scenario with Sn measurement settings and outcomes λn ∈ Λn at
each n-th site, every N -partite joint measurement (s1, ..., sN) be performed on a quantum
state ρ on a complex Hilbert space H1⊗ · · ·⊗HN and be described by the joint probability
distribution
tr[ρ{M1,s1(dλ1)⊗ · · · ⊗MN,sn(dλN)}], (13)
where each Mn,sn(dλn) is a normalized positive operator-valued (POV ) measure, repre-
senting on a complex Hilbert space Hn a quantum measurement sn at n-th site. For a
POV measure Mn,sn, all its values Mn,sn(Fn), Fn ⊆ Λn, are positive operators on Hn and
Mn,sn(Λn) = IHn. For concreteness, we specify this S1×· · ·×SN -setting quantum correlation
scenario by symbol E (ρ)MS,Λ where
MS,Λ : = {Mn,sn, sn = 1, ..., Sn, n = 1, ..., N} , (14)
S = S1 × · · · × SN , Λ = Λ1 × · · · × ΛN ,
is a collection of POV measures (13) at all N -sites.
As it is well known, the probabilistic description of a quantum correlation scenario E (ρ)MS,Λ
does not need to admit a LHV model. Therefore, under correlation scenarios on an N -partite
quantum state ρ, Bell inequalities (10) may be violated and the parameter9
Υ
(ρ,Λ)
S1×···×SN
= sup
ΦS,Λ, MS,Λ
1
BlhvΦS,Λ
∣∣∣∣B(E(ρ)MS,Λ )ΦS,Λ
∣∣∣∣ ≥ 1 (15)
specifies the maximal violation by an N -partite state ρ of general Bell inequalities for S1 ×
· · · × SN -setting correlation scenarios with outcomes (λ1, ..., λN) ∈ Λ1 × · · · × ΛN = Λ at N
sites.
For an N -partite quantum state ρ, the parameter
Υ
(ρ)
S1×···×SN
= sup
Λ
Υ
(ρ,Λ)
S1×···×SN
≥ 1 (16)
gives the maximal violation of general S1×· · ·×SN -setting Bell inequalities for an arbitrary
outcome set Λn at each n-th site while the parameter
Υρ = sup
S1,...,SN
Υ
(ρ)
S1×···×SN
≥ 1 (17)
– the maximal violation of all general Bell inequalities.
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IV. ANALYTICAL UPPER BOUND
We recall that, for every state ρ on a complex Hilbert space H1⊗· · ·⊗HN and arbitrary
positive integers S1, ..., SN ≥ 1, there exists27 an S1 × · · · × SN -setting source operator
T
(ρ)
S1×···×SN
– a self-adjoint trace class operator on the space
(H1)⊗S1 ⊗ · · · ⊗ (HN)⊗SN , (18)
satisfying the relation
tr
[
T (ρ)
S1×···×SN
{
I
H
⊗k1
1
⊗X1 ⊗ IH⊗(S1−1−k1)1 ⊗ · · · ⊗ IH⊗kNN ⊗XN ⊗ IH⊗(SN−1−kN )1
}]
(19)
= tr [ρ {X1 ⊗ · · · ⊗XN}] ,
k1 = 0, ..., (S1 − 1), ..., kN = 0, ..., (SN − 1),
for all bounded linear operators X1, ..., XN on Hilbert spaces H1, ....,HN , respectively. Here,
we set IH⊗kn ⊗Xn |k=0 = Xn ⊗ IH⊗kn |k=0 = Xn.
Due to its definition (19), an S1× · · ·× SN -setting source operator T (ρ)S1×···×SN constitutes
a self-adjoint trace class dilation of a state ρ to the complex Hilbert space (18). Clearly,
T (ρ)
1×···×1
≡ ρ and tr[T (ρ)
S1×···×SN
] = 1.
The analytical bound (53) in Theorem 3 of Ref. 9, derived via the LqHV modeling
framework9,18, implies the following statement.
Proposition 1 Under all generalized N-partite joint quantum measurements, the maximal
violation (16) by a state ρ of general S1 × · · · × SN -setting Bell inequalities satisfies the
relation
1 ≤ Υ(ρ)S1×···×SN ≤ inf
T
(ρ)
S1×···×1
↑
n
×···×SN
, ∀n
||T (ρ)S1×···×1
↑
n
×···×SN
||cov (20)
where: (i) infimum is taken over all source operators T
(ρ)
S1×···×1
↑
n
×···×SN
with only one setting at
some n-th site and over all sites n = 1, ..., N ; (ii) notation ‖·‖cov means the covering norm
– a new norm introduced for self-adjoint trace class operators by relation (11) in Ref. 9.
By Lemma 1 in Ref. 9, for every self-adjoint trace class operator W on a tensor product
Hilbert space G1 ⊗ · · · ⊗ Gm, its covering norm ‖W‖cov satisfies the relation
|tr [W ]| ≤ ‖W‖cov ≤ ‖W‖1 , (21)
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where ‖·‖1 is the trace norm and the equality ‖W‖cov = |tr [W ]| is true if a self-adjoint trace
class operator W is tensor positive, that is, satisfies the relation29
tr [W{X1 ⊗ · · · ⊗Xm}] ≥ 0 (22)
for all positive bounded operators Xj on Gj , j = 1, ..., m. Every positive trace class operator
is tensor positive but not vice versa. For example, the permutation (flip) operator Vd(ψ1 ⊗
ψ2) := ψ2⊗ψ1, ψ1, ψ2 ∈ Cd, on Cd⊗Cd is tensor positive but is not positive. Its trace norm
is ‖Vd‖1 = d2 while the covering norm ‖Vd‖cov = d.
For every source operator T
(ρ)
S1×···×SN
, its trace tr[T
(ρ)
S1×···×SN
] = 1, so that, by (21),
||T (ρ)S1×···×SN ||cov ≥ 1 and is equal to one: ||T
(ρ)
S1×···×SN
||cov = 1 if a source operator T (ρ)S1×···×SN
is tensor positive.
This and relation (20) imply that if, for an N -partite state ρ, tensor positive source
operators T
(ρ)
S1×···×1
↑
n
×···×SN
, n = 1, ..., N, exist for all integers S1, . . . , SN ≥ 1, then the maximal
violation (17) by an N -partite state ρ of general Bell inequalities for arbitrary numbers of
settings and any spectral type of outcomes at each site is equal to one: Υρ = 1, so that this
N -partite quantum state ρ is local in the sense that it satisfies all general Bell inequalities.
Examples of nonseparable N -partite quantum states that have tensor positive source
operators T
(ρ)
S1×···×1
↑
n
×···×SN
, n = 1, ..., N, for all integers S1, . . . , SN ≥ 1 (and are, therefore,
local) are presented in Ref. 30.
V. NEW NUMERICAL UPPER BOUNDS
Let ρd,N be an arbitrary N -qudit quantum state on H⊗N , where dimH =d <∞. In order
to evaluate via the analytical bound (20) the maximal violation Υ
(ρd,N )
S1×···×SN
by an N -qudit
state ρd,N of all general S1 × · · · × SN -setting Bell inequalities (10), we need to present at
least one source operator T
(ρd,N )
S1×···×1
↑
n
×···×SN
.We first consider the case of a pure state and then,
by convexity, extend our result to an arbitrary ρd,N .
A pure N -qudit state |ψd,N〉〈ψd,N | admits the decomposition
|ψd,N〉〈ψd,N | =
∑
ςmj...kς
∗
m1j1...k1
|e(1)m 〉〈e(1)m1 | ⊗ |e(2)j 〉〈e(2)j1 | ⊗ · · · ⊗ |e(N)k 〉〈e(N)k1 |, (23)
where
∑
m,j,...,k |ςmj...k|2 = 1 and {e(n)m ∈ H, m = 1, ..., d}, n = 1, ..., N, are orthonormal bases
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in H. Introducing the normalized vectors
φj...k =
1
βj...k
∑
m
ςmj...ke
(1)
m ∈ H,
∥∥φj...k∥∥ = 1, (24)
βj...k =
(∑
m
|ςmj...k|2
)1/2
,
∑
j, ..., k︸ ︷︷ ︸
N−1
β2j...k = 1,
we rewrite (23) in the form
|ψd,N〉〈ψd,N | =
∑
βj...kβj1...k1|φj...k〉〈φj1...k1| ⊗ |e(2)j 〉〈e(2)j1 | ⊗ · · · ⊗ |e
(N)
k 〉〈e(N)k1 |. (25)
In view of decomposition (25), let us introduce on the Hilbert space
H⊗H⊗S2 ⊗ · · · ⊗ H⊗SN (26)
the self-adjoint operator
T
(ψd,N )
1×S2×···⊗SN
=
∑
βj...kβj1...k1|φj...k〉〈φj1...k1| ⊗W (2,S2)jj1 ⊗ · · · ⊗W
(N,SN )
kk1
, (27)
where W
(n,Sn)
jj =
(
|e(n)j 〉〈e(n)j |
)⊗Sn
and
2W
(n,Sn)
jj1
|j 6=j1 =
(
|e(n)j + e(n)j1 〉〈e(n)j + e(n)j1 |
)⊗Sn
2Sn
−
(
|e(n)j − e(n)j1 〉〈e(n)j − e(n)j1 |
)⊗Sn
2Sn
(28)
+ i
(
|e(n)j + ie(n)j1 〉〈e(n)j + ie(n)j1 |
)⊗Sn
2Sn
− i
(
|e(n)j − ie(n)j1 〉〈e(n)j − ie(n)j1 |
)⊗Sn
2Sn
are operators on H⊗Sn invariant with respect to permutations of spaces H in H⊗Sn and
satisfying the relations
(
W
(n,Sn)
jj1
)∗
= W
(n,Sn)
j1j
, trH⊗(Sn−1)
[
W
(n,Sn)
jj1
]
= |e(n)j 〉〈e(n)j1 |. (29)
It is easy to verify that the partial trace
trH⊗(S2−1)⊗···⊗H⊗(SN−1)
[
T
(ψd,N )
1×S2×···×SN
]
= |ψd,N〉〈ψd,N |. (30)
Therefore, the self-adjoint operator T
(ψd,N )
1×S2×···×SN
constitutes a 1×S2×· · ·×SN -setting source
operator for a pure state |ψd,N〉〈ψd,N |.
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Evaluating due to relation (21) the covering norm of the source operator (27)
∥∥∥T (ψd,N )1×S2×···×SN∥∥∥cov ≤ 1 + ∑
(j,...,k)
6=(j1,...,k1)
βj...kβj1...k1 {δjj1 + 2(1− δjj1)} × · · · × {δkk1 + 2(1− δkk1)}
(31)
and taking into account that
∑
j, ..., k︸ ︷︷ ︸
N−1
β2j...k = 1 and
∑
j,...,l
r 6= r1, ..., k 6= k1︸ ︷︷ ︸
m
βj...lr...kβj..lr1...k1 ≤
∑
j,...,l
r 6= r1, ...k 6= k1︸ ︷︷ ︸
m
1
2
(
β2j...lr...k + β
2
j...lr1...k1
) ≤ (d− 1)m,
(32)
also, similar relations for m non-equal pairs of indices standing at arbitrary places in the
sum in (31), we derive
∥∥∥T (ψd,N )1×S2×···×SN∥∥∥cov ≤
N−1∑
m=0
(
N − 1
m
)
2m(d− 1)m = (2d− 1)N−1, (33)
where
(
N−1
m
)
are the binomial coefficients.
From (20), (33) it follows that
Υ
(ψd,N )
S1×···×SN
≤ (2d− 1)N−1 (34)
for arbitrary numbers S1, ..., SN of settings at all N sites. By convexity, this upper bound
is extended to an arbitrary state ρd,N .
Taking into account (17) and incorporating also the upper bound Eq. (58) of Ref. 9 on
the maximal violation of general Bell inequalities by the N -qudit GHZ state
1√
d
d∑
m=1
|em〉⊗N , (35)
we have.
Theorem 1 For an arbitrary N-qudit state ρd,N , the maximal violation Υρd,N of general
Bell inequalities for arbitrary numbers of settings and outcomes at each site admits the
upper bound
Υρd,N ≤ (2d− 1)N−1 (36)
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under all generalized N-partite joint quantum measurements. For the N-qudit GHZ state
(35), the maximal violation of general Bell inequalities is upper bounded by
Υρghz,d,N ≤ 2N−1(d− 1) + 1. (37)
Due to the new upper bound (36), the upper bound (62) in Ref. 9 for generalized quantum
measurements and the upper bound (19) in Ref.13 for projective parties’ measurements, we
have the following corollary of Theorem 1.
Corollary 1 For an arbitrary N-qudit state ρd,N , the maximal violation Υ
(ρd,N )
S×···×S of general
Bell inequalities for S settings and an arbitrary number of outcomes at each site satisfies the
relation
Υ
(ρd,N )
S×···×S ≤ (2min{d, S} − 1)N−1 (38)
under all generalized N-partite joint quantum measurements and the relation
Υ
(ρd,N )
2×···×2 ≤ min {d
N−1
2 , 3N−1}, for S = 2, (39)
Υ
(ρd,N )
S×···×S ≤ min {d
S(N−1)
2 , (2min{d, S} − 1)N−1 }, for S ≥ 3,
under projective N-partite joint quantum measurements.
VI. DISCUSSION
For N = d = S = 2, the upper bound in (39) gives
√
2 and, in view of the Cirel’son
bound2, is attained on the CHSH inequality.
For d = S = 2, N ≥ 3, the upper bound in (39) is equal to 2N−12 and, due to the results
in Refs. 4, 5, it is attained on the Mermin–Klyshko inequality. The latter implies that, for
projective N -partite joint quantum measurements, the Mermin-Klyshko inequality gives the
maximal quantum violation not only among all Bell inequalities on full correlation functions
(as it was proved in Ref. 4) but also among all general N -partite Bell inequalities for two
settings and two outcomes per site.
Concerning the attainability of the term 3N−1 in the upper bound min {dN−12 , 3N−1} in
(39). From Eq. (48) in Ref. 9 and relation Υ
(ρ, Λ)
S1×···×SN
≤ Υ(ρ)S1×···×SN for violation parameters
11
in (15), (16), it follows that, for quantum correlation scenarios E (ρ)MS,Λ on an N -partite state
ρ, the quantum analogs of S1 × · · · × SN -setting Bell inequalities (10) admit the bounds:
BinfΦS,Λ −
Υ
(ρ)
S1×···×SN
− 1
2
(BsupΦS,Λ − BinfΦS,Λ) (40)
≤ B(E
(ρ)
MS,Λ
)
ΦS,Λ
≤ BsupΦS,Λ +
Υ
(ρ)
S1×···×SN
− 1
2
(BsupΦS,Λ − BinfΦS,Λ),
where Υ
(ρ)
S1×···×SN
is the maximal violation (16) by anN -partite state ρ of general S1×· · ·×SN -
setting Bell inequalities.
Consider the Zohren-Gill (ZG) inequalities31 on joint probabilities
1 ≤ Bzg|
lhv
≤ 2, (41)
constituting the Bell inequalities for the bipartite case with two settings (N = S = 2) and
d outcomes at each site.
In view of their numerical results on violation of the ZG inequality (41) by two-qudit
states of a dimension d in a range from 2 to 106 (see Fig. 1 in Ref. 31), Zohren and
Gill conjectured31 that, for the infinite dimensional optimal bipartite states τd,2, d → ∞,
specified by Fig 2 in Ref. 31, the tight quantum analog of the ZG inequality Bzg|
lhv
≥ 1
under projective bipartite joint quantum measurements has the form32
Bzg|τ
d,2
, d→∞ ≥ 0. (42)
On the other hand, from (40), (41) it follows
Bzg|τd,2 ≥
3−Υ(τd,2)2×2
2
. (43)
This and the tightness for d → ∞ of the quantum analog (42), proved via the numerical
results in Ref. 31, imply that, under projective bipartite joint quantum measurements on
an optimal state τ d,2, d→∞,
0 ≥ 3−Υ(τd,2)2×2 |d→∞ ⇔ Υ(τd,2)2×2 |d→∞ ≥ 3. (44)
However, for N = S = 2, d → ∞, the upper bound (39) under projective measurements
reads Υ
(τd,2)
2×2 |d→∞≤ 3. This and relation (44) imply
Υ
(τd,2)
2×2 |d→∞ = 3. (45)
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In view of definition (16) of the maximal violation parameter Υ
(τd,2)
2×2 , this means that
there must exist a general 2 × 2-setting Bell inequality where, under projective bipartite
quantum measurements on an optimal state τd,2, d → ∞, the term 3 in the upper bound
min{√d, 3} in (39) is attained, exactly or almost. Finding such a general Bell inequality is
a problem for a future research.
In conclusion, for the maximal quantum violation of general Bell inequalities, we have
derived a new precise upper bound (36), reducing for N = 2 to our bipartite bound (2d− 1)
in Eq. (64) of Ref. 9 and essentially improving for N ≥ 3 all the known precise upper
bounds for general multipartite Bell inequalities listed in item (d) of the Introduction.
Via the upper bounds (38), (39), the new upper bound (36) also essentially improves the
known33 precise upper bounds on the maximal quantum violation of general multipartite
Bell inequalities for S settings per site. For some S, d and N discussed above, the upper
bounds (38), (39) are attainable.
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